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LETTER TO THE EDITOR 

The quantum double and the universal R matrix for 
non-standard deformation of A+l) 

V Karimipour 
Department of Physics, Sharif University of Technology, PO Box 11365-9161, Tehran. Iran 
and the Institute for Studies in Theoretical Physics and Mathematics, PO Box 19395-1795, 
Tehran. Iran 

Received 23 November 1992 

Abstract. Tbe quantum double and the universal R matrix for a new quantum group 
associated with a non-standard solution of the Yang-Baxter equation is constructed. "his 
quantum group can be regarded as a generalization of U,(sI(n) and our construction 
reducer to that of Uq(sl(n)) for a special choice of parameters. 

In a recent letter [ 13 we studied the quantum group associated with a generalization 
of the R matrix of sZ(n), which reads: 

where each qi can independently be equal to q or -q-'. 
The possibility of setting each individual qi equal to -4-l. leads to the appearance 

of nilpotent elements in this new quantum group which was denoted by Xq(An-J. 
Nilpotency of roots was the main puzzling feature of this quantum group which was 
the sign of some hidden superstructure. We also gave the multiparametric form of the 
R matrix (1) and showed that the additional parameters, by a suitable ansatz for the 
generators of the quantum group leads only to the twisting [2] of the Hopf structure. 
However the question of the quantum double and [3] and the universal R matrix was 
left unanswered in our previous paper. In this letter we report on the full quantum 
double construction and the universal R matrix for Xq(AnT1). Due to the technical 
difficulties for constructing the quantum double, only a few concrete examples are 
available to this date [4-71. This letter is aimed to add a new concrete example to the 
above list. 

We now consider the structure of Xq(An-l) in the Chevalley basis. In [I], Xq(An-J 
was constructed by applying the FRT formalism to the R matrix (1) with the following 
ansatz of the matrices L+ and L- in the equations &*L: = L : c R ,  etc). 
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where = S,,Sjk and w’= ( q  - q - l ) .  It was then shown that upon suitable iden- 
tification of the elements k. with exponentials of the Cartan generators H , ,  one could 
characterize Xq(Anw1) as an algebra generated by the elements H,, X:, ( i =  1 , .  . . , n) 
and satisfying the following relations: 

[x;,x:]=o ifa,=O 

~ ~ x ~ 2 x ? * l - ( l  +qiq,+l)x:x:A1x:+ q,+lx:~lx:’=o. (9 )  

Here@i=exp(t , ,(A-’))JkHk where t,,=InwgandAistheCa,rtanmatrixofA,_,,and 

is called the twisting matrix. Relations (6) are the main new features of this quantum 
group and equations (9) are the generalizations of the deformed Serre relations [3,8]. 
This algebra was also equipped with the following Hopf structure: 

A ( H j )  = H,O 1 + l@ H, (11) 

A(x:) q - H ~ ’ z o ; 1 ’ z O X ~ + X ~ O q H ~ / 2 0 ! ~ 2  ( 1 2 )  

E ( H ,  ) = E (x:) = 0 (13) 

S ( H J  = -H, .w:) = -(q,qz+1)1’2Xt. (14) 

The above algebra clearly reduces to Up(An-l) upon the standard choice of all q, = q. 
However the Serre relations (9),  when qjq,+l become trivial identities due to (6) and 
hence Cannot be used to reconstruct the full structure of the algebra and the q-analogues 
of the Poincare-Birkhoff-Wit (PBW) basis [SI. But the FRT formalism can yield the 
relations between the q-analogues of mots directly. For this we note that solutions of 
the FRT equations for (l), can neatly be summarized in the following form: for elements 
a, b, e, d as the entries in (row, column) (i, j ) ,  (i, I ) ,  (k, j )  and ( S I )  respectively, the 
following relations hold: elements 

E(1) = 1 

a b =  qr‘ba cd = qi’dc (15)  

ca = q,ac 

bc = cb 

db = q,bd 

ad - du = (q-‘  - q)bc. 
This together with the ansatz (2) for L+ leads to the following relations for the 
q-analogues of positive roots. (Negative roots satisfy similar relations.) 

(a) The relations between Cartan generators and the positive roots: 

W k ,  E,~+l1=(s,,+S,j+l)€u+I. (18) 
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(b) The relation between simple roots and positive non-simple roots 

[Xj, x. , + I  ] 'lira - L  = -Esi+2 

[Xi, E # l , = O  

[ X j ,  Eiilqj=Ei,j+i 

[ X j ,  Ei.j+ll,;:=O 

[Xi- , ,  EyIq;1=0 
where [ a ,  b ] ,  = q1l2ab -q-'I2ba. These relations imply the following: 

E . .  \ ,+I  = S  , ~ ~ , - I ~ ~ j - z Q . . . S j + , ( X j )  

where by S, we mean ad,,(X,). 
(c) The relations between positive non-simple roots 

(41 - % ) E ;  = 0 

[ E , , E i ~ l , , = o  j < l  

[E , ,  Ej,ilq ji = -& 
LEU, EMI = 0 

[Ey, Eul = ( q - ' - q ) E &  

i < l  

i < j <  /cor( i >  k, j < I )  

j >  k> i 
where we have suppressed all the relations between commuting elements. 

X q ( A n - J  has two Hopf subalgebras (Bore1 Structures) generated respectively by 
U;, A': and Hi, X,:. We denote them by B and B- .  The quantum double as an algebra 
is isomorphic to BOB' where B' is the dual of B with opposite comultiplication. The 
dual itself is denoted by BO. For the construction of the quantum double and the R 
matrix, it is most convenient to redefine the generators as followst: 

(30) 

F;, +f, = q - H d 2 @ ~ ' / 2 f i j  (31) 

where U, and 0, stand respectively for U, + Hi+, +. . .€ f - l  and lT;:dj e,,. In what 
follows we sometimes denote 

E , + e u = q  H d @ i E ,  2 1 2  

and A+,,; by e, and f; respectively. 
The q-analogue of the PBW basis for B is chosen as follows: 

,. 
5" = H Y ' H P . .  . HXi1 n e?) (32) 

where by ll we mean normal ordering in the sense of [9], according to which the 
descendant of two roots lies between them (i.e. [ e a ,  e@] lies between e, and ee) .  Bo is 
generated by the elements q,, q 2 ,  . . . , ?,,-, , K j ,  1 < i < n such that the evaluation of 
qr (resp. y j )  on U, (resp. eb) are 1 and their evaluation on any other monomial is 
zero. The algebra and co-algebra structure of Bo is then defined to be [3] 

i c j  

U V ( M ) =  U 0  V ( A M )  A U ( M O N ) =  U ( M N )  (33) 

for U and VE Bo, M and N E  B. 

t We have used the notation e, for two different purposes, one as defined in (30) and the other as the basis 
veuors of GL(n), we hope that this does not cause any confusion 
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In the above evaluations one must carefully use the commutation relations to 
arrange every monomial occurring in the calculations in the canonical form which has 
been chosen for the basis of Bo. Comparison of the evaluation of UV and W on 
elements of the basis, will uniquely specify the commutation relations between all pairs 
of efements. The coproducts are also obtained in a similar manner. From ( 3 3 )  it is 
straightforward to prove the following: 

Proposition 1 .  
(i) [9#, 7jI = o  
(ii) [q,, Y,]=-(hS,+t ,Aak,)Y,  
(iii) (qi - qi+l) Y: = 0 
(iv) A ( q j )  = q ; @ l  + l @ q t  
(v) A(Y;)=10Y,+Y,@e-"uni .  
To complete the structure of the quantum double, we also need the commutation 

The prescription for obtaining these relations can be manipulated into the following 

where q = eh 

relation between the following pairs: ( H ; ,  q,), (H, ,  Y,) ,  (e t ,  qj), and (e ; ,  Y,). 

formula [lo]: 

ab = To y o  Z(A"(a)O(So@id@id)Az(b) )  (34) 
where a E Bo, b E B, A*= (A@id)A, A' is the opposite co-multiplication in Bo and So 
is the skew antipode [ 3 ] .  Z:B@'@B@+Bo@B is the evaluation between the pairs 
(1,4) and ( 3 ,  a ) ,  y is the mutliplication map y : x @ y + x y  and T is the transposition 
T(xy )  = yx. 

Using (34)  we can prove the following: 

Proposition 2 
(i) [qi. qI= 0 
(ii) [vj, e,] = (hs,+ t ,ka3e,  
(iii) [&, Y,]=-ajiY, 
(iv) [ Y,, e,] = &,(e-E~~7A-qH@,).  
Equations (k .12)  and propositions 1 and 2 completely specify the structure of the 

quantum double. According to Drinfeld [ 3 ] ,  the quantum double contains the original 
algebra as Hopf subalgebra. This is seen h o u r  case via the following identification: 

qi + c,Hk yi + (4 - s-'M;. ( 3 5 )  

C = hA-' + A-lhA-'.  (36) 
In (36) A is the Cartan matrix of sl(n),  h =In q and T is the twisting matrix (IO). 
The universal R matrix [ 3 ]  in BOB'  is given by 

Where C, is the matrix: 

R = E  &@E" (37) 
where (a is the dual basis of 6". The universal R matrix in X q ( A n - l )  is then obtained 
by applying the projection (35) to the R-matrix in the quantum double. To carry out 
this step we note that with the normal ordering in ( 3 3 )  the foIlowing basis is dual to 
6" up to normalization. 
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where we mean the same ordering as in (34). To obtain the normalization factors we 
need the following: 

Lemma 3. 
(i) qj(H;) = SUS,$! 
(ii) Y $ ( 4  = &$js6m,[n, (q,q,)-II! 

where [n, a]!=II;=, ( a k - l ) / ( a - l ) .  

Corolhy 

the standard case [4,10]. 
(a) If both q, and q, are untwisted (i.e. qi = % = q )  then Y;(e;) = [n ,  (q)-2]! as in 

(b) If only one of the qi or q, are twisted, (q,q, = -1) then we have 

This is in accord with the fact that that when qi # 

Now the normalization factors are given by 

then e', = Y', = 0 and monomials 
of e, and Y ,  with powers greater than 1 do not belong to the Poincare basis. 

5&)=IjaJ n [av,(qtq,)-'I!=N, (39) 
I z<, 

from equations (32, 37-39), the final form of the universal R matrix in the quantum 
double is obtained: 

,-. 
R =ez;;:"@'HI n E ( , , , - I (  yi@eii) 

"I 

where E , ( x )  is the q-exponential function: 

On passing to the quotient Hopf algebra via the projection ( 3 9 ,  we will obtain the 
universal R matrix in X9(An-l) 

,-. 

R = eekHk@H< II %,,)-l( wf ,  0 e#). (41) 

Note that in the standard case, we have t, = 0 and hence E = kA-' and E(9,q,)-c = E 9 -2 

which shows that the above R matrix reduces to the R matrix of U9(An-]) (compare 
with [4,10]. 

In conclusion, in the category of quasitriangular Hopf algebras, there are many 
more objects than the quantized enveloping algebras of Drinfeld [3] and Jimbo [SI. 
These are the quantum groups which are associated to the non-standard solution of 
Yang-Baxter equation (see [11,12] and references therein). The quantum group 
X,,(An-l) is one of these objects. If one can clarify the relation of X9(An-l) with the 
quantum supergroup U,(sl(nlm)), then the results of the present letter can be used to 
construct the quantum double for the superalgebra sl(nlm). 
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Theoretical Physics and Mathematics, Tehran. 
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